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LARGE ARBOREAL GALOIS REPRESENTATIONS
BORYS KADETS
Abstract. Given a field K, a polynomial f ∈ K[x], and a suitable element t ∈ K, the set
of preimages of t under the iterates f◦n carries a natural structure of a d-ary tree. We study
conditions under which the absolute Galois group of K acts on the tree by the full group
of automorphisms. When K = Q we exhibit examples of polynomials of every even degree
with maximal Galois action on the preimage tree, partially affirming a conjecture of Odoni.
We also study the case of K = F (t) and f ∈ F [x] in which the corresponding Galois groups
are the monodromy groups of the ramified covers f◦n : P1
F
→ P1
F
.
1. Introduction
Let K be a field, f ∈ K[x] be a polynomial of degree d, and t ∈ K be an arbitrary element.
Write f ◦n = f ◦ f ◦ ... ◦ f for the nth iterate of f (with the convention f ◦0(x) = x). Assume
that the polynomials f ◦n(x) − t are separable for all n. Fix a separable closure Ksep of K.
Then the roots of f ◦n(x) − t in Ksep for varying n have a natural tree structure. Namely,
define a graph with the set of vertices equal to the union of roots of f ◦n(x)− t for all n ≥ 0.
Draw an edge between two roots α, β when f(α) = β. Then when t is not a periodic point
of f , the resulting graph is a complete rooted d-ary tree T∞. Vertices of level n correspond
to the roots of f ◦n(x) − t (the root of the tree t has level zero). Let Tn be the tree formed
by the first n levels of T∞. The next figure is the tree T2 when f = x
2 − 2 and t = 0.
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Let G := Gal(Ksep/K) be the absolute Galois group of K. The Galois action on Ksep
defines a homomorphism φ : G → Aut(T∞) known as the arboreal Galois representation
attached to f and t.
Example 1.1. Let K = Q, t = 0 and f = x2 + 1. Then the arboreal representation is
surjective (see [Sto92]).
It is conjectured that when K is a number field and d = 2 the image of an arboreal
representation has finite index in Aut(T∞) unless some degeneracy conditions are satisfied
(see [Jon13, Conjecture 3.11]). However very little is known when the degree of f is greater
than 2. Our aim is to show that when the degree of f is even there is a criterion for the
surjectivity of the arboreal representation. In section 2 we prove the following theorem.
Date: November 2, 2017.
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Theorem 1.2. Assume that the degree of f is even and charK 6= 2. Assume that for any n
and any α ∈ f−n(t) the splitting field of f(x)− α over K(α) has Galois group Sd. Assume
also that the discriminants disc(f ◦n(x) − t) are linearly independent in the F2 vector space
K×/K×2. Then the arboreal representation attached to f and t is surjective.
This theorem allows us to prove surjectivity of some arboreal representations attached to
even degree polynomials. The following conjecture was made by Odoni in [Odo85, Conjec-
ture 7.5.].
Conjecture 1.3. Let F be a hilbertian field. Then for any integer n there exists a degree
n polynomial f such that the associated arboreal representation (for t = 0) is surjective.
The conjecture is open even for F = Q (see [Jon13, Conjecture 2.2]). Looper ([Loo16])
proved Odoni’s conjecture for F = Q and n prime, and showed that for many values of
n Odoni’s conjecture can be deduced from Vojta’s conjecture. In section 4 we prove the
following theorem.
Theorem 1.4. Let n ≥ 20 be an even number. Then there exists infinitely many polynomials
f ∈ Q[x] of degree n such that the arboreal representation associated to f and t = 0 is
surjective.
Recently, independently of our work Joel Specter [Spe18] and Robert Benedetto and Jamie
Juul [BJ18] proved related results on Odoni’s conjecture for number fields. Specter shows
that that Odoni’s conjecture holds for any number field. Benedetto and Juul prove Odoni’s
for even degree polynomials over an arbitrary number field, and for odd degree polynomials
over number fields F that do not contain Q(
√
n,
√
n + 1).
Consider the case when K = F (u) for some field F and indeterminate u, f is a polynomial
defined over F , and t = u. Let Kn be the splitting field of f
◦n(x) − t over K. Then the
groups Gal(Kn/K) are the monodromy groups of the ramified coverings P
1
F → P1F induced
by f ◦n. In this case the image of the resulting arboreal representation is known as the
iterated monodromy group of f . These monodromy groups have been studied in the case
when f is post-critically finite (see [Nek11]) or when f is quadratic (see [Pin13]). Recall that
a polynomial f is called post-critically finite if for every root γ of f ′ the orbit of γ under f
is finite. In section 3 we prove the following theorem.
Theorem 1.5. Let f ∈ K[x] be a degree 2m polynomial such that the Galois group of
the splitting field of f(x) − t over K(t) is the symmetric group S2m. Assume that f ′(x)
is irreducible over K and f is not post-critically finite. Then the arboreal representation
attached to f and t over K(t) is surjective.
Jamie Juul [Juu16, Proposition 3.2.] proves a version of theorem 1.5 for finite level arboreal
representations and polynomials of arbitrary degree. However Juul’s results do not imply
that a polynomial over Q with surjective infinite level iterated monodromy group exists. Our
result shows that when K is a number field most polynomials have surjective infinite level
iterated monodromy groups, see Remark 3.3.
2. Large arboreal representations over an arbitrary field
We begin by introducing some arboreal notation. Fix a field K of characteristic not 2, a
polynomial f ∈ K[x] of degree d, and an element t ∈ K. Assume t is not periodic under
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f , and assume that the polynomials f ◦n(x) − t are separable for all n. Write T∞ for the
preimage tree of t under f as in the introduction. Let Kn/K denote the splitting field of
f ◦n(x) − t over K. Denote by Tn the tree formed by the first n levels of T∞. The Galois
group Gal(Kn/K) injects into the automorphism group of the tree Aut(Tn). We call the
extension Kn/K maximal if Gal(Kn/K) = Aut(Tn).
The aim of this section is to prove a criterion for surjectivity of arboreal representations
φ : G → Aut(T∞). We establish surjectivity in three steps. Step one is to show that for all
n and α ∈ f−n(t) the Galois group of the splitting field of f(x)− α over K(α) is Sn. Step
two is to show that the splitting field of f(x) − α is disjoint from Kn/K(α). Step three is
to show that the dn extensions of Kn given by the splitting fields of f(x) − αi for different
αi ∈ f−n(t) are linearly disjoint. We show that steps two and three can be reduced to the
arithmetic of forward orbits of f .
The main idea is simple: any proper normal subgroup of Sd is contained in Ad; therefore
to show that some Sd extensions are linearly disjoint it is enough to show that their (unique)
quadratic subfields are linearly disjoint, as we will now prove.
Lemma 2.1. Let L/K be a Galois extension of fields with Galois group Sd. Let F denote the
unique quadratic extension of K contained in L. Let M/K be an arbitrary Galois extension.
Then the fields L and M are linearly disjoint over K if and only if the fields F and M are
linearly disjoint over K.
Proof. If L andM are disjoint, then so are F andM . Assume that F andM are disjoint. The
field extension K ⊂ (L ∩M) ⊂ L corresponds to a normal subgroup of Sd. Any nontrivial
normal subgroup of Sd is contained in Ad and therefore if L∩M were not K it would contain
F . 
Lemma 2.2. Let Li/K for i = 1, ..., n be Sd-Galois extensions of K. Let Fi ⊂ Li denote
the unique quadratic extension of K inside Li. Then the fields Li are linearly disjoint if and
only if the fields Fi are linearly disjoint.
Proof. If Li are linearly disjoint, then Fi are also linearly disjoint. Assume that Fi are linearly
disjoint. We use induction on n. The case n = 2 follows from Lemma 2.1. Suppose that the
result holds for n − 1. Then the fields L1, ..., Ln−1 are linearly disjoint. Let M denote the
compositum L1...Ln−1. The Galois group Gal(M/K) is isomorphic to (Sd)
n−1. We need to
show that M and Ln are disjoint. By Lemma 2.1 it is enough to show that Fn and M are
disjoint.
Let F/K be a quadratic extension of K contained in M . Then F defines a character
χ : (Sd)
n−1 = Gal(M/K)→ {±1}. The character χ can be written as
χ(a1, ..., an−1) = χ1(a1) · ... · χn−1(an−1), (a1, ..., an−1) ∈ Sd × ...× Sd,
where χi : Sd → {±1} are quadratic characters. The group Sd has only two quadratic
characters: the trivial character and the sign character. Let bi ∈ K be elements such that
Fi = K(
√
bi). Let I ⊂ {1, ..., n− 1} be the set of indices i for which χi is nontrivial. Then
the extension F is obtained by adjoining to K a square root of
∏
i∈I bi. In particular, since
Fn is disjoint from the compositum F1...Fn−1, it is not a subfield of M and therefore M and
Ln are disjoint. 
Lemma 2.2 allows us to reduce proving surjectivity of an arboreal representation to Kum-
mer theory. We also need a standard fact about discriminants.
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Lemma 2.3. Let S be a commutative ring, let P,Q ∈ S[x] be arbitrary polynomials. Then
disc(PQ) = disc(P ) disc(Q)R(P,Q)2 where R(P,Q) is the resultant of P and Q.
Proof. We recall the normalization of discriminant and resultant for non-monic polynomials
from [Lan02, Chapter IV §8]. Assume P,Q have degrees n,m, leading coefficients a, b, and
roots α1, ..., αn and β1, ..., βm. Then the resultant is given by R(P,Q) = a
mbn
∏
i,j(αi − βj),
and the relevant discriminants are given by the formulas disc(P ) = (−1)n(n−1)/2a2n−2∏i6=j(αi−
αj), disc(Q) = (−1)m(m−1)/2b2n−2∏i6=j(βi − βj), and
disc(PQ) = (−1)(n+m)(n+m−1)/2(ab)2(n+m)−2 ∏
i6=j
(αi − αj)
∏
i6=j
(βi − βj)
∏
i,j
(αi − βj)2.

Fix a field K of characteristic not 2 and fix an element t ∈ K. Let f ∈ K[x] be a degree
d polynomial where d is even. Consider the corresponding tree T∞, arboreal representation
φ : G→ Aut(T∞), and the extensions Kn/K.
Theorem 2.4. Assume that for some n ∈ Z>0 the field extension Kn−1/K is maximal.
Assume also that for every α ∈ f−(n−1)(t) the polynomial f(x) − α is irreducible over K(α)
and has Galois group Sd or Ad. Then Kn/K is maximal if and only if disc(f
◦n(x)−t) 6∈ K×2n−1.
Proof. Assume that Kn/K is maximal. Then the Galois group of Kn/Kn−1 acts on the
roots of f ◦n(x) − t as a product of dn−1 copies of Sd. In particular there is an element
of Gal(Kn/Kn−1) that induces an odd permutation of the roots of f
◦n(x) − t. Therefore
disc(f ◦n(x)− t) is not a square in Kn−1.
Now assume disc(f ◦n(x)− t) 6∈ K×2n−1. For any choice of the root α of f ◦n−1(x)− t consider
the discriminant disc(f(x)− α). Assume that disc(f(x)− α) is a square in Kn−1. Since the
extension Kn−1/K is maximal, the Galois action on the roots αi ∈ f−(n−1)(t) is transitive.
Therefore for every αi the discriminant disc(f(x) − αi) is in K×2n−1 as well. By Lemma 2.3
the following identity holds
∏
α∈f−(n−1)(t)
disc (f(x)− α) ≡ disc

 ∏
α∈f−(n−1)(t)
(f(x)− α)


≡ disc(f ◦n(x)− t) 6≡ 1 (mod K×2n−1).
Therefore disc(f(x)− α) 6∈ K×2n−1 and the Galois group of f(x)− α over K(α) is equal to
Sd. By Lemma 2.1, applied to the splitting field of f(x)−α over K(α) and Kn−1/K(α), the
polynomial f(x)−α is irreducible over Kn−1 and has the Galois group equal to Sd. In order
to apply Lemma 2.2 we need to show that disc(f(x)−αi) are linearly independent in the F2
vector space K×n−1/K
×2
n−1.
We claim that for m ≤ n− 1 and βi ∈ f−m(t) the elements disc(fn−m(x)−βi) are linearly
independent in the F2 vector space K
×
n−1/K
×2
n−1. We prove the statement by induction.
When m = 0 the statement holds by the assumption of the theorem. Assume the statement
is true for m = l − 1. Assume that there is a nonempty subset J ⊂ f−l(t) such that∏
β∈J disc(f
◦n−l(x)−β) is a square. Say that βi and βj belong to the same cluster if f(βi) =
f(βj) (in other words βi and βj have the same parent in the tree). If every cluster of roots
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is either contained in J or has an empty intersection with J then∏
β∈J
disc(f ◦n−l(x)− β) ≡ ∏
γ∈f(J)
disc(fn−l+1(x)− γ) (mod K×2n−1).
The right hand side is not a square by the induction hypothesis. Therefore, we can assume
that there is a cluster I such that I has a nontrivial intersection with J . Choose two elements
β, β ′ ∈ I such that β is in J and β ′ is not in J . Since the extension Kn−1/K is assumed to
be maximal, there exists an element σ ∈ Gal(Kl/K) that acts on the roots of f ◦l(x)− t as
a transposition of β and β ′. Then
1 ≡

∏
β∈J
disc(f ◦n−l(x)− β)

 · σ

∏
β∈J
disc(f ◦n−l(x)− β)


≡ disc(f ◦n−l(x)− β) disc(f ◦n−l(x)− β ′) (mod K×2n−1).
Since Gal(Kl/K) acts doubly-transitively on the cluster, for every pair of elements βi, βj ∈
I the product disc(f ◦n−l(x)−βi) disc(f ◦n−l(x)−βj) is a square in Kn−1. Since d is even, the
product
∏
β∈I disc(f
◦n−l − β) is a square in Kn−1. By Lemma 2.3 we have the identity∏
β∈I
disc(f ◦n−l(x)− β) ≡ disc(fn−l+1(x)− f(β)) (mod K×2n−1),
where the right hand side is not a square by the induction hypothesis. Therefore the elements
disc(f ◦n−l − βi) are linearly independent modK×2n−1.
Now we can apply Lemma 2.2 to the extensions given by the splitting fields of f(x)−αi over
Kn−1. We have proved that each extension is an Sd extension. The unique quadratic subex-
tension of this splitting field is Kn−1
(√
disc (f(x)− αi)
)
. Since disc(f(x)− αi) are linearly
independent in Kn−1/K
×2
n−1, the corresponding quadratic extensions are linearly disjoint.

Proposition 2.5. Assume that the extension Kn/K is maximal. Then the quadratic subex-
tensionsK ⊂ F ⊂ Kn are contained in the compositum of quadratic extensionsK(
√
disc(f ◦m(x)− t))
for m = 1, ..., n.
Proof. The group Aut(Tn) fits into an exact sequence
(⋆) 1→ (Sd)d
n−1 → Aut(Tn)→ Aut(Tn−1)→ 1.
Let sm : Aut(Tn) → Sdm be the homomorphism given by the action of the automorphism
group on Im (them’th level of the tree). For σ ∈ Sd let σi be the element (1, ..., 1, σ, 1, ..., 1) ∈
Sd
n−1
d with σ inserted in position i. Let g ∈ Aut(Tn) be an element such that sn−1(g)i =
j. Then gσig
−1 is conjugate to σj in S
dn−1
d . Let χ : Aut(Tn) → {±1} be an arbitrary
homomorphism. Consider the restriction of χ to Sd
n−1
d . The map χi : Sd → {±1} given by
χi(σ) = χ(σi) is a quadratic character of Sd which is either the sign character or the trivial
character. Since σi and σj are conjugate in Aut(Tn) for all i, j, the characters χi and χj
are equal for all i, j. Therefore the restriction of χ to Sd
n−1
d is either the trivial character
or the product of sign characters. Applying this inductively we can describe all quadratic
characters of Aut(Tn).
We claim that any quadratic character χ : Aut(Tn) → {±1} is a product of characters
χm = sign ◦sm, m = 1, ..., n. We prove the claim by induction. The case n = 0 is trivial.
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Assume the statement is proved for n−1. Let χ : Aut(Tn)→ {±1} be a character. Consider
the exact sequence (⋆). The restriction of χ to Sd
n−1
d is either trivial or is equal to the
restriction of χn. Therefore χ or χ · χn descends to the character of Aut(Tn−1) which is a
product of χm’s by the induction hypothesis.
Quadratic subextensions of Kn/K correspond to quadratic characters of Aut(Tn). The
quadratic character corresponding to the extension K(
√
disc(f ◦m(x)− t)) is χm. Since any
quadratic character is a product of χm’s, any quadratic extension is contained in the com-
positum of K(
√
disc(f ◦m(x)− t)). 
The following corollary implies Theorem 1.2.
Corollary 2.6. Let f ∈ K[x] be a polynomial of even degree d. Assume that for every k
and every α ∈ f−k(t) the Galois group of the splitting field of f(x)− α over K(α) is either
Sd or Ad. Assume also that the elements disc(f
◦n(x)− t) are multiplicatively independent in
K×/K×2. Then the arboreal representation associated to f is surjective.
Proof. We prove that Gal(Kn/K) = Aut(Tn) using induction on n. The case n = 0 is trivial.
Assume Gal(Kn−1/K) = Aut(Tn−1). Then by Theorem 2.4 the equality Gal(Kn/K) =
Aut(Tn) holds if and only if disc(f
◦n(x)− t) 6∈ K×2n−1. Since disc(f ◦n(x)− t) is an element of
K we need to show that the extension K(
√
disc(f ◦n(x)− t)) is not in Kn−1. By Proposition
2.5 any quadratic subextension of Kn−1/K is inside the field obtained by adjoining to K
square roots of disc(f i(x)− t) for i = 1, ..., n− 1. Since disc(fn(x)− t) is not in the span of
disc(f i(x)− t) in K×/K×2, the field K(
√
disc(f ◦n(x)− t)) is not contained in Kn−1. 
Remark 2.7. Theorem 2.4, Proposition 2.5 and Corollary 2.6 can be stated as results about
maximal subgroups of the group Aut(Tn) without any reference to field theory.
We record here the formula for the discriminant disc(f ◦n(x)− t). The proof can be found
in [Odo85, Lemma 3.1].
Lemma 2.8. Let f ∈ K[x] be a polynomial of even degree. Choose an algebraic closure K
of K. Let λi for i ∈ I be the roots of f ′(x) and mi be the corresponding multiplicities. Then
for all t ∈ K,
disc(f ◦n(x)− t) ≡∏
i∈I
(f ◦n(λi)− t)mi (mod K×2)
3. Iterated monodromy groups
Let f ∈ K[x] be a polynomial and t ∈ K(t) be an indeterminate. Then the arboreal
representation associated to the preimages of t under f is known as the iterated monodromy
group of f ; see [Nek11]. Using Corollary 2.6 we can show that, under mild hypotheses, the
iterated monodromy group is maximal for even degree polynomials.
Theorem 3.1. Let f ∈ K[x] be an even degree polynomial and let t ∈ K(t) be an indeter-
minate. Assume that the Galois group of the splitting field of f(x) − t over K(t) is either
Ad or Sd. Choose a separable closure K
sep. Let Γ ⊂ Ksep be the multiset of roots of f ′(x)
and denote by Γn the multiset f
◦n(Γ). Let Γ′n be the sub(multi)set of Γn which consists of
the elements that have odd multiplicity in Γn and assigns to them multiplicity one. Assume
that for all n the set Γ′n is not contained in the set
⋃
i<n Γ
′
i. Then the arboreal representation
attached to f and t is surjective.
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Proof. For every n ∈ Z≥0 any α ∈ f−n(t) is transcendental over K. Therefore there is an
isomorphism of fields K(α) ≃ K(u) for an indeterminate u. Since f(x)− t is irreducible over
K(t) and has Galois group Sd or Ad, the same is true for f(x)−α over K(α). By Lemma 2.8
applied to the field K(t) the odd multiplicity roots of the polynomial disc(f ◦n(x)− t) ∈ K[t]
are precisely the elements of Γ′n. Since Γ
′
n contains an element that is not in the union of Γ
′
i for
i < n, the polynomials disc(f ◦n(x)− t) are linearly independent modulo K(t)×2. Therefore,
by Corollary 2.6 the arboreal representation associated to f and t is surjective. 
Remark 3.2. Assume that f(x) has coefficients in the field k ⊂ K and f ′(x) is irreducible
over k. Then the multiset Γn must be Gal(k
sep/k) invariant. Since d− 1 is odd, the support
of the multiset Γn is Γ
′
n. Moreover, the action of Gal(k
sep/k) on Γ′n is transitive. If for some
n 6= m the sets Γ′n and Γ′m intersect, then Γ′n = Γ′m. Therefore the conditions of Theorem 3.1
are satisfied if f(x)− t has Galois group Ad or Sd and f is not post-critically finite (the orbit
of the set of critical points is infinite). This is the form in which Theorem 1.5 was stated.
Remark 3.3. If f is an indecomposable polynomial of degree > 31 over a field of characteristic
0, then the Galois group of the splitting field of f(x) − t is either Sd, Ad, a cyclic group or
a dihedral group [Mül95]; see [GS95] for a positive characteristic version. Moreover, the
Galois group can be cyclic or dihedral only when f is conjugate to a Dickson polynomial;
see [Tur95, Theorem 3.11]. Together with the previous remark this shows that when K is a
number field most polynomials satisfy the conditions of Theorem 3.1.
4. Surjective arboreal representations over Q
In this section we assume t = 0. We can use the results from Section 2 to construct
surjective even degree arboreal representations over Q. In order to do so we first need a
way of showing that the “tiny” extensions given by the splitting fields of f(x)−α over K(α)
for α ∈ f−n(0) are maximal. In Proposition 4.3 we will show that this can be achieved by
combining local arguments at two primes.
We use the following convention: if L is a field with a discrete valuation v, and f ∈ L[x]
is a polynomial, then the Newton polygon of f is considered with respect to the equivalent
valuation v′ that satisfies v′(L) = Z.
Lemma 4.1. Let K be a field with a discrete valuation v, and let f ∈ K[x] be an Eisenstein
polynomial of degree at least 2. Then for any n ∈ Z≥0, any αn ∈ f−n(0), and any extension
of v to K(αn) the polynomial f(x)− αn is Eisenstein over K(αn).
Proof. Using induction, if g(x) := f(x)− αn is Eisenstein and αn+1 is a root of g, then αn+1
has the minimal valuation in K(αn+1), and thus f(x)−αn+1 is Eisenstein over K(αn+1). 
Lemma 4.2. Let p be a prime number and let v denote the p-adic valuation on the field
Q. Let f ∈ Q[x] be an irreducible polynomial of degree d ≥ 2. Assume that for some odd
integer k > 0 the Newton polygon of f consists of two line segments: one from (0, 2) to (k, 0)
and one from (k, 0) to (d, 0). Assume that for every n ∈ Z≥0 and every α ∈ f−n(0) the
polynomial f(x) − α is irreducible over Q(α). Then for any n ∈ Z≥0 and any αn ∈ f−n(0)
there is an extension of v to Q(αn) such that the polynomial f(x)−αn has the same Newton
polygon over Q(αn) as f has over Qp.
Proof. We prove the statement by induction. Assume that vn−1 is a discrete valuation on
Q(αn−1) such that g(x) = f(x)−αn−1 has the Newton polygon of the desired shape. Let αn
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be any root of g. Consider the extension vn of vn−1 to Q(αn) such that vn(αn) = 2/k. Since
the local extension Q(αn)vn/Q(αn−1)vn−1 has degree k and vn(αn) = 2/k, the ramification
index of Q(αn)/Q(αn−1) at vn is k. Therefore the valuation v
′
n = kvn satisfies v
′
n(Q(αn)) = Z
and hence the Newton polygon of f(x)−αn at v′n has the two-segment shape as claimed. 
Proposition 4.3. Let f ∈ Q[x] be a polynomial of even degree d. Let p be a prime satisfying
d/2 < p < d− 2, and let q 6= p be an arbitrary prime. Assume that f is Eisenstein at q and
that the Newton polygon of f at p is the union of two segments: one from (0, 2) to (p, 0) and
one from (p, 0) to (d, 0). Then for every n ∈ Z≥0 and every α ∈ f−n(0) the Galois group of
the splitting field of f(x)− α over Q(α) is either Ad or Sd.
Proof. Fix n and α ∈ f−n(0). Since f is Eisenstein at q, by Lemma 4.1 f(x)−α is irreducible
(and, in particular, separable). Let G be the Galois group of the splitting field of f(x)− α
over Q(α) and r : G → Sd be the transitive permutation representation associated to the
roots of f(x)−α. By Lemma 4.2 there is an extension v of the p-adic absolute value to Q(α)
such that the Newton polygon of f(x)− α contains a segment (0, 2) to (p, 0). In particular,
the splitting field of f(x) − α is wildly ramified at v and therefore there exists g ∈ G of
order p. Since p > d/2 the permutation r(g) is a cycle of length p. Since the length of the
cycle r(g) is greater than d/2, the permutation group r : G → Sn is primitive. A theorem
of Jordan (see [DM96, Theorem 3.3E]) states that any primitive permutation group that
contains a cycle fixing at least three points is either Ad or Sd.

We want to construct examples of polynomials over Q with surjective arboreal represen-
tation. Corollary 2.6 breaks this problem into two: showing that the extensions given by
the splitting fields of f(x)− αi over Q(αi) are Sd or Ad and showing that the discriminants
disc(f ◦n(x)) are independent modulo squares. We use Proposition 4.3 for the former prob-
lem. To deal with the latter we consider the case when f ′(x) = (x − C)g(x)2. In this case
Lemma 2.8 shows that disc(f ◦n(x)) equals f ◦n(C) modulo squares. To show that f ◦n(C) are
distinct modulo squares we will need to know that they have enough distinct prime divisors.
For this the following lemma is useful.
Lemma 4.4. Assume f ∈ Q[x] is integral at a prime p, and f(0) = f(f(0)). Assume that
for some positive integers n > k and for some p-integral c ∈ Z(p) both f ◦k(c) and f ◦n(c) are
divisible by p. Then p divides f(0).
Proof. Reducing modulo p gives 0 ≡ f ◦n(c) ≡ f ◦n−k(f ◦k(c)) ≡ f ◦n−k(0) ≡ f(0) (mod p). 
Now we give explicit examples of polynomials with surjective arboreal representation. Note
that when d ≥ 20 is an even number there exists a prime p that satisfies d− 3 ≥ p ≥ d/2+5
(see for example [Nag52]). This is why we have the condition d ≥ 20 in the following theorem.
Theorem 4.5. Fix an even integer d ≥ 20 and a prime number p satisfying d − 3 ≥ p ≥
d/2+ 5. Let k := d/2− 1 and u := p− k− 2. Given A,B,C,D ∈ Q consider the polynomial
f(x) such that f ′(x) = (2k + 2)(x− C)(xk + Axu + B)2 and f(0) = D. Then for infinitely
many choices of (A,B,C,D) the arboreal representation associated to f and 0 is maximal.
8
Proof. The polynomial f is given by the formula
(⋆) f(x) = x2k+2 − 2k + 2
2k + 1
Cx2k+1 +
2k + 2
k + u+ 2
2Axk+u+2 − 2k + 2
k + u+ 1
2ACxk+u+1
+
2k + 2
2u+ 2
A2x2u+2 − 2k + 2
2u+ 1
CA2x2u+1 +
2k + 2
k + 2
2Bxk+2 − 2k + 2
k + 1
2BCxk+1 +
2k + 2
u+ 2
2ABxu+2
− 2k + 2
u+ 1
2ABCxu+1 + (k + 1)B2x2 − (2k + 2)B2Cx+D.
The monomials are not necessarily ordered by decreasing degree, but the four largest degree
and four smallest degree monomials are the first four and the last four respectively (this is
one place where we use the condition d− 3 ≥ p ≥ d/2 + 5).
We will use s-adic properties of the coefficients of f for various primes s to prove surjectivity
of the associated arboreal representation. For this we will first choose some appropriate
primes, and then use weak approximation to choose A,B,C,D, forcing f to have a specific
local behavior.
Choose a prime number ℓ > d5, ℓ ≡ 3 (mod 4). Choose another prime q such that q ≡ 1
(mod ℓ) (in particular q > ℓ > d5). In order to apply Lemma 4.4 we wantD to be a fixed point
of f . The equation f(D) = D is equivalent to the equation U(A,B,D)− V (A,B,D)C = 0
where
U(A,B,D) = D2k+2 +
2k + 2
k + u+ 2
2ADk+u+2 +
2k + 2
2u+ 2
A2D2u+2 +
2k + 2
k + 2
2BDk+2(1)
+
2k + 2
u+ 2
2ABDu+2 + (k + 1)B2D2
V (A,B,D) =
2k + 2
2k + 1
D2k+1 +
2k + 2
k + u+ 1
2ADk+u+1 +
2k + 2
2u+ 1
A2D2u+1 +
2k + 2
k + 1
2BDk+1(2)
+
2k + 2
u+ 1
2ABDu+1 + (2k + 2)B2D
We choose A,B,N1 ∈ Z satisfying the following local conditions.
prime ℓ: Consider the quadratic equation U(A,B,−p2)+p2V (A,B,−p2) = 0. The discrim-
inant of this quadric Q in A,B is
−(2k + 2)2p4u+4t+8
(
u2(u+ 1)(12u2 + 37u+ 29)
2(2u+ 1)(2u+ 2)(u+ 1)2(u+ 2)2
)
which is a nonzero element of Q. Since ℓ is large (ℓ > d5), the discriminant of Q is
nonzero modulo ℓ. Also (since l is large) the quadric V (A,B,−p2) is not proportional
to Q. Let (Aℓ, Bℓ) be an Fℓ point on the (affine) conic Q = 0 that does not lie on
V (A,B,−p2) = 0. Choose N1 ≡ p (mod ℓ) and (A,B) ≡ (Aℓ, Bℓ) (mod ℓ).
prime p: Let vp(N1) = vp(A) = vp(B) = 1.
prime q: Let vq(A) = vq(B) = 1 and vq(N1) = 0.
primes < d: For every prime s less than d and not equal to 2 let vs(A) = vs(B) = vs(N1) =
vs(d!). For s = 2 assume that v2(A) = v2(B) = 0. There exists a constant M such
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that when v2(z) > M and v2(x) = v2(y) = 0 the valuation of U(x, y, x)/V (x, y, z) is
v2
(
(k + 1)y2z2
(2k + 2)y2z
)
= v2(z)− 1.
Let v2(N1) = M .
Let K be the product of primes that are greater than d, not equal to p, q, l, and divide
N1. After raising K to a sufficiently large power we can assume that K is 1 modulo every
prime less than d and also modulo pql. The triple (A,B,N1K
m) also satisfies the local
conditions above for every m. Let C(m) := U(A,B,−qN21K2m)/V (A,B,−qN21K2m). Con-
sider any prime s|K. From the triangle inequality and formulas (1), (2) there exists M0
such that for m > M0 we have vs(C(m)) = 2vs(N1K
m). Let D(m) = −qN21K2m. Con-
sider the polynomial fm associated to A,B,C(m), D(m) (given by the formula (⋆)). When
m tends to infinity we have C(m) ∼ 2k+1
2k+2
D, fm(C(m)) ∼ − 12k+1C(m)2k+2, f ◦2m (C(m)) ∼
1
(2k+1)2k+2
C(m)(2k+2)
2
. Since f ′m(x) = (x − C(m))(Xk + AXu + B)2 the function fm is de-
creasing when x ≤ C(m) and increasing when x ≥ C(m). There exists M1 such that for
m > M1 we have C(m), fm(C(m)) < 0 and f
◦2
m (C(m)) > 0 > C(m) which implies that
f ◦nm (C(m)) > 0 for all n > 1. Finally fix an arbitrary m > max(M0,M1) and set C = C(m),
D = D(m), N = N1K
m.
Local conditions on A,B,N imply local properties of D = −qN2. We can also find
valuations of C = U(A,B,D)/V (A,B,D) using the non-archimidean triangle inequality.
To summarize, we have chosen A,B,N,D ∈ Z and C ∈ Q such that the following condi-
tions hold.
(1) f(D) = D, since C = U(A,B,D)/V (A,B,D);
(2) D = −qN2;
(3) C is ℓ-integral and C ≡ D (mod ℓ). Since (A,B,N, q) ≡ (Al, Bl, p, 1) (mod ℓ) both
C and D are p2 modulo ℓ;
(4) Valuations at the prime p satisfy vp(D) = 2, vp(A) = vp(B) = 1, vp(C) = 2;
(5) Valuations at the prime q satisfy vq(A), vq(B), vq(C) ≥ 1, vq(D) = 1;
(6) There is a finite set of primes S ⊂ N \ {1, ..., d} such that f has coefficients in Z[S−1],
C is in Z[S−1], and every prime in S divides the denominator of C. Indeed our
conditions for primes less than d imply that the valuation of C at these primes is
nonnegative;
(7) f(C) is negative, and f ◦n(C) is positive for n > 1;
(8) For every prime s 6= q dividing D we have vs(C) ≥ vs(D)/2. Indeed, primes dividing
D are primes dividing pqrK and primes less than d. For each of them the property
holds;
We now show that conditions 1 – 8 imply surjectivity of the arboreal representation.
Condition 5 implies that f is Eisenstein at q, therefore by Lemma 4.1 all iterates of f are
irreducible. Note that since D 6= 0, by condition 1 the point 0 is not periodic under f and
the arboreal representation is well-defined. Condition 4 implies that the Newton polygon
of f at p is a union two segments: one from (0, 2) to (p, 0) and one from (p, 0) to (d, 0).
Hence by proposition 4.3 for any n and α ∈ f−n(0) the Galois group of the splitting field of
f(x) − α over K(α) is Ad or Sd. Now consider the discriminants disc(f ◦n(x)) as elements
of Q/Q×2. If they are linearly independent, Corollary 2.6 would imply that the arboreal
representation is surjective. By Lemma 2.8 we have the equality disc(f ◦n(x)) ≡ f ◦n(C)
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(mod Q×2). We claim that the numbers f ◦n(C) are independent modulo squares. Indeed
f(C) is negative by condition 7, and therefore is not a square. Consider the number f ◦n(C)
for some n > 1. By condition 3 we have the formula f ◦n(C) ≡ f ◦n(D) ≡ D ≡ −N2
(mod ℓ). Therefore f ◦n(C) is not a square modulo ℓ since ℓ ≡ 3 (mod 4). By property 6
the number f ◦n(C) is S-integral. For any prime s ∈ S when (⋆) is evaluated at x = C the
valuation of the sum of the first two terms is smaller than the valuation of the rest of the
terms. The non-Archimedean triangle inequality implies that vs(f(C)) is equal to the s-adic
valuation of (x2k+2 − 2k+2
2k+1
Cx2k+1)|x=C = − 12k+1C2k+2 which is (2k + 2)vs(C) < vs(C). If
vs(x) < vs(C), then vs(f(x)) = (2k + 2)vs(C). Therefore the s-adic valuation of f
◦n(C) is
even and negative. Since f ◦n(C) is positive, has square denominator, and is not a square
modulo ℓ, the numerator of f ◦n(C) has an odd multiplicity prime divisor γ 6∈ S that is not
a square modulo ℓ. If vγ(f
◦m(C)) is even for all m < n, then f ◦n(C) is linearly independent
from f ◦m(C) when m < n. Assume that vγ(f
◦m(C)) is odd. Then by Lemma 4.4, γ divides
D. The prime γ does not equal q, since q ≡ 1 (mod ℓ). Property 8 implies vγ(C) > 0. By
property 2 γ divides N . By the formula (⋆) and the triangle inequality if vγ(x) ≥ vγ(D)/2,
then vγ(f(x)) ≥ vγ(D), and if vγ(x) ≥ vγ(D), then vγ(f(x)) = vγ(D). Therefore by property
8 the valuation vγ(f
◦n(C)) is equal to vγ(D) which is even, contradiction. Thus the numbers
f ◦k(C) are independent modulo squares.

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